Higher order iterative methods for solving
nonlinear equations f(x)=0

Rostam K. Saeed

Salahaddin University/Erbil — College of Science —

Department of Mathematics, Kurdistan Region — Iraq

Hewler-lrag, November 14-18 , 2009



Recently, due to the development of various computer software and
hardware many iterative methods have been developed to approximate a
solution to nonlinear equations

f(x)=0. (1)

We present some new modifications in the last nine years of Newton-
Raphson method, also we derived some new methods with higher order
convergence for solving nonlinear equations (1) which are presented in this
lecture.

Iterative methods are based on the idea of successive approximations, i.e.,
starting with one or more initial approximations to the root, we obtain a
sequence of approximations or iterates {x .}, which in the limit converges to the
root. The methods give only one root at a time.

Definition 1:
A sequence of iterates {x,} Is said to converge to the root «, if Ikim\xk —a|=0 or

limx, =c.

k—o0

In practice, except in rare cases, it’s not possible to find « which satisfies the
given equation exactly.



Definition 2: (Order of convergence)
Assume that a sequence of iterates {x }<. converges to « and e, =x, —a for
.- . ) —X . |e
k>0. If two positive constants m =0 and q>o0 exist, and l.m““ k*\;‘ :ll(lm“ k*\t‘ _
—>0 a_xk —>0 en

Then the sequence is said to converge to « with order of convergence q.
The number m is called asymptotic error constant.

In recent years much attention has been given to develop several iterative
type methods for solving non-linear equations. Hereunder we present the
methods, but we focus on our new methods

The most popular and widely method for finding zeros of non-linear
equations (1) is Newton’s method for simple root which is defined by

X =X, — F(x,)

n+1 n f,(xn) !
and Newton’s method for multiple roots is defined by

=x - m% - (m is the multiplicity of the root),

n

These are important and basic methods, which converge quadratically.




In 2000, Weerakoon and Fernando, suggest an improvement of Newton

method as follows:
From Newton’s theorem,

f(x)=f(x.)+ j f'(A)dA. (2)

In (2), the indefir;ite Integral approximated by trapezoid rule, i.e.,
f f'(1)dA ~ %(x —x)[F'(x)+ f'(X)]. (3)

Thus, from (2) and (3), the local linear model is

M, 00 = F06,) 42 (=X, )LE00 + 001
Take the next iterative point as the root of m,x, 1.e. M_(x_,)=0, yields
o 21(x)
" f'(xn)+ f,(xn+1)’
Use Newton’s iterative step to compute the (n+1)" iterate on the right-hand
side. Thus, the resulting new scheme is
(%)

f'(x.)
) 4
2f(xn) n:O, 1, 2, ( )

)+ 1)
Obviously, this is an implicit method. This method converges of order three.

3

n=ao0,1 2,...

M, (x...) =0 = f(x,) +%(xn+1 S LE0+ /0= X, =X

Yo =X,




Also in 2000, Wu and Wu, proposed a new quadratic convergence iteration
formulae with one parameter as follows:

X =X — o) ' n=0,12,..

/,lf Z(Xn)+ f(xn + f(Xn))_ f(Xn)
In 2001, Gutierrez and Hernandez, gives acceleration for Newton’s method and
obtained a new third order method named by Supper-Halley’s method as
follows:

Let f:[a,b]c R— R be a function satisfying f'(t)<0, f"(t)>0 for t<[a,b] and
f(a) >0> f(b). In this situation the sequence defined by

_p 1)

n+l ~ *n f,(tn)’ 0
converges to t* the only solution of f(t) in [a,b].

Let g be another function satisfying the same conditions as f in [a,b], with
g(t*)=0, and let s, =s, - gg((ss)) s, =t,..Taking g(t) = f'(t*)t—t*) we obviously
obtain a sequence that converges to t* faster than {t,}. The problem is that t* is
unknown. Instead of f'(t*)(t-t*) take its Taylor approximation

o(t) = F(t)-
So,

(%) . a2
, (L=t




fﬂgn) t -t )?and  g'tt)~ (L) - F(E)E —t ).
Put these values in the formula s, =t gg((t )) we obtain
s, =t —|1+ “rw 110 \where K f”(t“)fgt“).
2(:I-_Kf(tn)) f (t ) f,(tn)

Also, in 2001, Sebah and Gourdon, derived two methods which are given by
the following iteration formulas:

] ] . . (1/ f)(p)
The first iteration formula:x_, =x_+(p+1) =,
(1/ f)(p+) .

where p is an integer and (1/f)" is the derivative of order p of the inverse of
the function f. This iteration has convergence of order (p+2).
The second iteration formula:
oy f(Xn)( F(xa) (%), (F'(X, D2BCF ")) = /(%) (%, ))j
(%) 2(f'(x,))’ 3I(f'(x,))*
This iteration method convergence of order three.

X



In 2003, Abbasbandy, derived the following two formulas
ML .Y P20 (%) F206)(F"(x,))°
) 2(F(x)) 2(1'(x,))"
oy f) F2x) F7(x)  Fo(x,)f"(x,)
() 2(F(x))° 6(f'(x,))"
by using Adomian decomposition method which are improvements of Newton-
Raphson method.
In a similar manner of (4), Ozban, in 2004, derived the following two formulas
_y FO)(F'(x,) + F(204)) N=0.1
S 2f'(x,)f'(z,.) o

X

and
Xpog = Xy — fx,) n=0,1 .. where z,, =x, - Fx,)

n+1 n f(xn +Zn+1j’ f/(xn)’
2

by changing the arithmetic mean of f’'(x) and f'(x ) Instead of f'(x)) In
Newton’s method by harmonic mean. These two methods converge cubically.

In 2005, there are some new iterative methods for solving nonlinear
equations. Knawar et. al derived new formula as follows:
Assume

X, =X, +h, hj <1, (5)

n=0,1, ...




be the first approximation to the root of the nonlinear equation (1).
Consider the following auxiliary equation with a parameter p:
g(x)=p*(x=%)* F*(x) - F*(x) =0, (6)
where peR and | pl<«. It is clear that any root of (1) is also a root of (6) and
vice versa. If x =x,+h IS a better approximation for the required root where
x,be the known initial guess for the required root, then (6) gives

p?h? 2 (x, +h) — F2(x, +h) =0. (7)
Expanding by the Taylor’s series of order two and simplifying, we get
o 2006)F700) 2412 06) (%) + 41 ()" 120) = () (8)

2[p2 f Z(Xo)_ f’Z(Xo)]

Retaining the terms upto ox?) excluding the term containing second derivative.
Rationalize the numerator of (8) to obtain the new formula

_ B f(Xo) . (9)

[f'(X,) £ pf(X,)]
Using (9) in (5), the general formula for successive approximation is given by
X =X — F(X,) , n=0,1 ...

T fx,) £ pf(x,)
The parameter p Is chosen such that the corresponding function pf(x )and
f'(x.)have the same sign. If we let p—o0, the Newton-Raphson method is

obtained.




Also in 2005, Chun, by using Adomian decomposition method, derived the
following formula which is converges of order four

=X _f6) 5 1) f(z'”l)f’(z”*l), where z_, =x_ - f(x“), n=0,1 ..

T k) (%) (f'(x,))’ X,

In 2006, many authors have considered methods for solving the nonlinear
equations. We review among them the famous methods as follows:

A new two-point root-finding technique for solving nonlinear equation
based on Adomian decomposition method is proposed by Abu-Alshaikh and
Sahin, and given by:

X = . f(Xn—l)(Xn_Xn—l)

TR+ ) = %)
Also based on Adomian decomposition method they proposed two other
methods

X

n=12,.. where f e C?[a,b]

(D mx - G FO) 1 X)) PP 0)
n+l n-1 f (Xn) + (Xn — Xn—l) f I(Xn_l) 2 {f (Xn) + (Xn _ Xn—l) f ;(Xn_l)}s d y Lyenn
(2) X =X B (Xn - Xn—l) f (Xn—l) . l (Xn - Xn—1)3 f ”(Xn—l) f 2(Xn_l) _

) (% =X ) T 2{F () + (%, =X, ) FI(x, )
l (Xn - Xn—l)s(f ”(Xn—l))2 f 3(Xn—l)
2 {f(x,)+ (%, = %) F )

=1 2,...



New three-step iterative method for solving nonlinear equations is proposed by
Noor and Noor
_ ., Tx) ,
yn _Xn f,(Xn)’ f (Xn)'_/‘-oi
f(y,)

T,
Xpay = X, — ) _ f(y”+2”), n=01 2.
F'(x,)  f'(x)
This method converges of order three and derived by using Adomian

decomposition method.
Also, depending on the Adomian decomposition method Noor, et. al proposed

two Iterative methods:

) () L B
(1) x,, =x 00 2100 f"(x.), n=0,1, 2....
(2)

L ) B
Yo =X, F(x) F'(x,) =0,
__(yn_xn)2 f”(X)

Z, )
21/(x,)



X, =X — FO6) _ (a+2o = %,)° f"(x.), n=0,1, 2....
f'(x,) 21'(x,)
The second method converges of order three.
Chum and Ham proposed the following Newton-like iteration method

Xn+1 _ Xn _ f(Xn) _ f(X:ﬂ) Where X:+1 _ Xn _ f(Xn) ,

F(x) () fF'(x,)
which is converges of order four and derived by using the homotopy
perturbation method.

In a similar manner of Knawar et al. (2005), Noor and Ahmed derived the
following iterative methods:
2f(x)
(1) X = X, — - |
F1(x) £/(F/(x,))° +4p°F5(x,)
where sign should be chosen so as to make the denominator largest in
magnitude.

(2) z, =x_ -

n=0,1 2....

n=0,1 ..

2f(x,)
F/(%,) £ (F'(x,))? +4pF2(x,)

v =2, —M, n=0,1 2.
F'(z,)

where sign should be chosen so as to make the denominator largest in
magnitude. This method converges of order four.

10



Also, in a similar manner of Noor and Ahmed (2006), Noor et.al derived the
following two-step iterative methods:
2f(x.)
(1) Zy =X, — : J
F(x)£(F(x,)* +4p*F2(x,)

vy =2, —m, n=01 2.
f'(z,)

where sign should be chosen so as to make the denominator largest in
magnitude. Here pe<R is chosen so that f(x,) and p have the same sign.

21(x)
2) 7 _x _ n |
@) = e e o0y s a0

F(X,) N=0,1 2
3f(x )-2f(z)’ Sl

where sign should be chosen so as to make the denominator largest in
magnitude. Here peR Is chosen so that f(x ) and p have the same sign and «
controlling parameter.

The developments of numerical techniques for solving nonlinear algebraic
equations in 2007 are continued and the following methods are presented:

Chun, derived many iterative methods as follows:
Method 1:

X

Xn+l - Xn +4(Zn - Xn)

11



Classical Chebyshev-Halley methods which is an improvement of Newton-
Raphson method are given by:

Xn+1 - Xn _[14_; t(xn) j (10)
21_ﬂ(xn)
where
~ Fx) f(x,)
t(x,) = 00y (11)
et
g =x —g—t T 6 (12)

f '2(Xn) _/If (Xn) ’

where ¢ and 2 are real parameters. Observe that if =1 and 1=0 then (12)
reduces to Newton-Raphson method. Considering the following approximation
to f"(x,) in (11)
f I(Xn) - f ’(yn) _ (f ,(Xn) - f '(yn))[f ,Z(Xn)_/u: (Xn)]

Xn_yn ef(xn)f,(xn) .
Substitute the above approximation of f"(x,) in (11) yields a new three-
parameter family of iterative methods free from second derivative and requiring
three functional evaluations

) :X_@+; [F/0) = £ ()] [F 20, = 28 (x,)] )fwn

M T 260 (x,) - BLE () = TR ) = A (%) ) F(x,)

f ”(Xn) ~

12



where y, =x, —o— )T ) 064 g 8 aer.
f' (Xn)_/?‘f(xn)

For ¢ :% and g =1 this method converges of order four.

Also he obtained the following iteration forms:

Method 2: xM:xn—(lJrl K, () j f(X”),
2 1_ﬂKa(Xn) f'(xn)

2f(x)T(w)d+af'(x,)) o _y f(Xn), N=0L...
F20x) + ot 2 0 F (w,) = £ (x,)] S
This method is a method of two-parameter family free from second derivative
and converges of order three.

Method 3 X ., =X — f(xn) . 1 X, _é:(xn)(l_ f,(yn)j f(Xn) ’
f'(Xn) 20 Xn_g(xn) f,(Xn) f’(xn)

where 9(x) =x- :(())(()) y.=x —-6]x —6(x)], n=01,.. and &(x) any iteration
function of order at least two. This method converges of order three.

where g, aeR, K (x)=

13



Method 4:

Xy =2, — f(z,)F'(x,) , n=0,1,...
F20%,) + (A —2p%,) F (%) + 4 °(X,)
A, u < R. This method converges of order three..

Method 5;:
) )+ . ) TE) Py
s =5 ) T ol + f] [f’(xn)+f2<xn)+f'2(xn)]’
where y =x - %) and gcr.

f(%,)’

This method converges of order four.
For p=-1, this method reduced to the following fourth-order method

.oy f2(x,) {f(xn) NELNCYLICA }

e f(X O+ Tyl LEOG)  F20) + F72(x,)

For p=-2, this method reduced to the following fourth-order method
o _f(><n)+f(yn)_2 () Lo f0) T T(y) |
e f'(x,) X))+ f(y)] () f2(x)+7%(x)

Chun and Ham, present one-parameter fourth-order family of iterative
methods for solving nonlinear equations as follows:

14
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Kou et al.’s third-order method defined by

Xn+1 - Xn - f(Xn) 1 + l ) (13)
2 f,(Xn) 2f’(zn)_f,(xn)
where
f(x,) (14)

Z =X — .
T 2f'(x)
To derive the proposed methods, firstly use the Taylor approximation combined
with (14):
/ ~ f! " . ! _E f(xn)f”(xn)
f (Zn) ~ f (Xn)+ f (Xn)(zn Xn) - f (Xn) ) f,(xn) .

As an approximation of f'(z,)in (13) to obtain the iterative scheme function and
containing the second derivative of f:
.y C1277(x) = F ) F(x,) F(x,) |
T2 () = F(x ) F(x) F(x)
Approximate 'x) In (16) back by the use only of the function and its derivative
. To do that, let

f(x) (%) a7
flz(xn) — A (Xn) |

(15)

(16)

Y :Xn_g

15



where ¢ and 2 are real parameters. The iteration (17) with =1 has been
derived by (Chun, 2006) that is converges quadratically. Approximate f"(x)
by:
fﬁ(xn) ~ 2[f(yn)_ fZ(X:)][f '2(2)(”)—/’“: (Xn)]2 n Z[f lz(xn)_ﬂ“f (Xn)]2 ’ (18)
071" (x,) T (x,) & (x,)
which can be derived from Taylor expansion of f(y,) about x,
F(Y) = 10)+ F0)0, =)+ 00, = %,)°
_f(x)-0 fZ(Xn)f’z(Xn) L fz(in)f'z(xn)f”(xzn). (19)
Fo0G) - () 2 [F7(x,) - Af (x,)]
By using (18) in (16), he get the following two-parameter family of methods:
X —x — (f(yn)_f(xn))Li+H(Xn)fl2(xn)((1_9)f,Z(Xn)_/hc(xn)) f(Xn)
T L2(F(y,) - PO 6 (%) TR (%) (- 0) FE(x,) = 24F (x,)) | (%)

() (%)
F20x,) +AF (x,)

where 1, 6eR, L =f"?(x)-Af(x)and y, =x -6 n=0,1..

This method converges of order four if 9=1.

Also, Ham and Chun derived the fifth-order convergence iteration method as
follows:

Let us consider the iteration scheme in the form

16



Tt (20)

X, =Y, - AL(Y,) + B (x,) f(y“), n=0,1 ... (21)

Cf'(y,) +Df'(x) f'(x)

and they showed that the method defined by (20) and (21) is of fifth order if

A+B=C+D, C=B+A B=3A C+D=0. For A=1 B=3 C=5and D=-1 yields

f(x)

X =y - Fly,) +31°(%) f(yn),
SH(y.) - (%) f'(x,)

Feng and He, derived the following iterative methods of order two and three

respectively by using homotopy perturbation method:

Yo =%

n=0, 1 ...

(1) Xna = Xy — 2hf(xn) , N= O, 1,
f(x, +h)—f(x —h)
. oy — 2hf (x.) _ 4hf 2(Xn)[f (x, +h)+ f(x —h) —2f(Xn)]
2)" 7t - f(x-h) [f(x, +h) = f(x, =h)] |
n=0,1 ..

where h=af (x,) and « =0 IS parameter.
Sharma and Guha, derived the following multipoint iterative method,

17



2 —x - f(Xn)’

(%)
yoog @) o T(X)
T f(z) f(x)-2f(z,)
X =V - f(Vn)Xf(Xn)+af(Zn)’ h=0 1.

Fi(v,)  f(x)+bf(z)

named by modified Ostrowski method and converges of order six if b=a-2. For
a=0 and b=-2, the iterative formula is as follows:
f(x,)
F(x,)
v =7 - )  f(x)

f,(Zn) f(xn)_Zf(Zn)
w ooy ) T(x) |
" " f,(vn) f(xn)_Zf(zn)

Ostrowski method given by
F(x,)
F'(x,)
X =y - fx)  T()
F(x)—-21(y,) (%)
which are improvements of Newton’s method, the order increases by at least
two.

Z, =X —

yn :Xn

18



Grau et .al develop the sixth-order variant of Ostrowski’s method which is
given by
_T06)
f/(x,)

fx)  T()
f(xn)_Zf(yn) f,(xn)
X =7 - fx)  1(z)

f(Xn)_Zf(yn) f,(Xn)

Another sixth-order family of modified Ostrowski’s method was considered
by Sharma et al.
f(x)
2 —y - fx) 1)
f(x)—-2f(y,) f'(x,)
_, _tx)+(B-2)T(y,) T(z)
T fx) -2y, fx)
Also Chun and Ham, presented another sixth-order variant of Ostrowski’s
method

yn :Xn

Zn:yn_

yn :Xn

where geR.

f(x,)
f(x,)

yn:Xn_

19



f(x)  f(y)
f(x)-21(y,) " F'(x,)

1(z)  \where un:_f(yn) and H(t)represents a real-valued
f(x,) f'(x,)

function satisfy the properties H(0) =1, H'(0) = 2.

Zn:yn_

X.,=2 —H(U)x

Noor and Noor, by using Adomian decomposition method derived the
following five iterative methods:

)
=% ")

oy ) (o)
F'(x,)  2f'(x,)
_ Fx)
&) =% )
__(yn_xn)2 "
Zn - 2fI(Xn) f (Xn)7

f'(x,), n=0,1 ...

_ 2 _ 2
" — Xn _ f(Xn) _ (yn Xn) f”(xn)_ (yn + Zn Xn) f”(xn)’ n — O’ 1’ .
f'(x,) 2f'(x,) 2"(x,)

Converge of order three.

20



_, )
(3) yn_xn f,(xn)’

X =X - o) _ 1)
f'(x,) f'(x,)
_,f)
(4) yn _Xn f/(xn)’
F(y,)

oty
o oy ) Tly) Ty, +2,)
TR ) Fx)
Converge of order four
F(x)
(5) ynZXn—Txn),
F(Ya)

n = Ya ' 1
F'(y,)

1 = Zn _M’

t'(z,)

Also, in a similar manner of the above iterative method by Noor and Noor,
Noor and Gupta proposed an algorithm of order four which is given by

., Fx)

yn - Xn f,(xn)

n=0,1 ..

n=0,1 ..

X n=0,1 ..

21



_,f) 1{f(yn>ﬂf(xn)Mf'(xn)w(yn)} -

Xo = X f,(yn)_g f'(yn) f'(Xn) f,(yn)

Kou and Wang, presented a variant of Ostrowski’s method with order of
convergence seven and given by:

xm=zn—[<1+H2(xn,yn))2+Ha(yn,zn){ff,((zx“))}, =01

where

_y o 106) _ o f) _ f@) o f(x,)
yn _Xn f,(xn)’ HZ(Xn’yn)_ f(xn)_zf(yn)i Ha(ynizn)_ f(yn)—af(Zn) and Zn_Xn (1+H2(Xn’yn))f,(xn)'

The most important iterative methods for solving nonlinear equations
In 2008 are the following:
Bi et. al derived a seventh-order iterative method for solving non-linear

equation as as follows:
A one-parameter family of ourth-order methods, which is derived by King

(1973) developed is given by:

22



_ )
f(x,)’
X =y — Fa)+ A (Y,) Ty,

Yo =X,

where ser is a constant.

Now, combining (2) with Newton’s method, yields

. (%) ~
yn _Xn f’(Xn)’
7 —y - ,f(xn)-l_ﬂf(yn) f,(yn),>
f'(x,)+(B-2)f(y,) f'(x)
X, =7 — t(z,)
ot () Y,

where geR IS a constant.

Using Taylor expansion, f(z,) and '(z,) in (23) can be approximated by
f(zn) ~ f(yn) + f '(yn)(zn o yn) +% f ”(yn)(zn o yn)21

f'(z,) = t'(y,)+ £"(y. )z, = ¥,)
Then
f(z,)-f(y,) 1

f’(zn) N : +2f"(yn)(zn - yn)': f[zn’yn]+;f”(yn)(zn _yn)

Zn_yn

'

Fx)+(B-2f(y,) F'(x) )

(22)

(23)

(24)
(25)

(26)



In order to avoid the computation of the second order derivative, approximate
t7(y.)as follows:
2(f[z,, %, 1= T'(x,))

— (27)
where z,and x, are syfficiently close to y,, when n is a sufficiently big integer.
Substituting (27) into (26) and replace f'(z,) with approximation in (26), a new
family of methods by (23), (26) and (27) can be constructed as follows:

Fyn) = 21z, %, %] =

1)
TG
U [ ARY.ICANMRI(A

- f'(x )+ (B-2)f(y,) f'(x)’
f(zn) _
B Ty T oy ot

Basu, derive the fourth-order iterative method
, 2 £(x,)
. f [Xn_3f,(xn)Jf(Xn)
3{f’(xn—“(x“)]} +“f’[xn—2”X“)]f'(xn)—g[f'(xn)]z
16 3f'(x.) 8 3f'(x.) 16

Depending on the Chebyshev method for simple root

24




oy - f(Xn){H} F(x,) f”(Xn)]’ =01 .
)L 2110x,) F1(x,)

Neta, proposed the following two-parameter iterative method

X

Xn+1 =Xn _af(xn)[l‘l'ﬂ f(xn) f"(xn)]’ n=01 11
F'(x,) F(x,) f(x;)
which converges of order two if g =g 37% for g=10r a- %.
a

Depending on the two-step Newton iteration method of order four which is
derived by Turab (1977)

W 106)
f'(x,)
X . =W M n=0, 1 ...

n+1 n_ f,(Wn)’

Chun, derived another fourth-order iterative method which is given by:

Wo=x f(Xn),
f'(x.)
X, =W —M, n=0, 1 .. where u, =M, and h(t) a real valued function
F'(x,)h(uy) F(x,)

satisfies the following conditions: h(0) =1, h'(0)=-2 and |h"(0)| < .

25



Parhi and Gupta, depending on the third-order method developed by
Weerakoon and Fernando(2000)

)
SRNTCS)
2t
SO ITAY
X _Mz) n=0,1..

=7
n+l n f,(zn)’
and using the linear interpolation, presented a six-order method
F(x,)
F/(x,)
2 =y - 21 (x,) |
FOx,)+ T(y,)
y o, @) T+
e f(Z)3f(y)—f(X)
Aziz, together with me, and using Adomian decomposition method derived the
following iterative method of order four for solving nonlinear equations
F(x,)
F/(x,)

0 =%) (Yo =%)" ¢ (Vo =%)" ¢
Z, = ) FEE )R f(X)f()

26
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Xop =Y, — |:(y” +Z, Xn) f ”(Xn)+ (yn Ly Xn) f m(Xn) +
2 3
_ 4
(yn+zn Xn) f(4)(xn) 1 , n:O, 1,
4 F'(x,)

This result poblished in the journal of (Applied mathematics and computation,
Vol. 202 (2008), 435-440)(Science direct)

Finally, Shno together with me derived eight new iterative methods in
(2009) for solving nonlinear equations:

The first iterative method is derived as follows:

There exists a modification of Newton’s method with third-order
convergence due to Porta and Ptak (1994) defined by

F(x,)+ F(x, — ),y

. (%)
Xn+1 - Xn f ,(Xn) ' (28)

Recently, Zhou (2008) proposed a new third-order method, which is defined
by:

27



F20) =210 101, = )
Xn+1 = Xn - (Xn) . (29)

' ' f(xn)
f(Xn)f (Xn)_3f (Xn)f(xn - f’(Xn))

We presented a new fourth-order method based on the combination of
formula (28) and (29). Now, we consider the linear combination of formula (28)
and (29) which produces a class of high-order iterative method as follows:

—v _ f(xn)+ f(yn)_ _ fz(Xn)_z‘f(xn)f(yn)
o =0 f F(x,) ) FO) /(%) =31 (%) F(v,) (30)
where geR , and
)
Y. =X 00 for n=0, 1, .... (31)

Puplished in Zanco, Journal of Pure and Applied Sciences/ Salahaddin University-Hawler, Vol.21 No.5

Obviously, for g =1, formula (30) reduces to (28), while we have (29) for g=o0.

Hereunder, we consider the convergence analysis of the formula (30) by the
following theorem:

Theorem 1. Assume that the function f(x)is sufficiently smooth In a
neighborhood of its root « with f'(a) 0. Then the iterative method defined by

(30) convergence of order four to « in a neighborhood of « If g =%.
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Proof. By using Taylor’s expansion, we have
f(x,)=f'(a)le, + Czer? + Cseg + C4e: + O(er?)];
f'(x,)=f'(a)[L+2c,e, +3c,e’ +4c,e’ +5c.e’ +0(e’)],

where ¢, = T(D(“) forj=2,3...and e, =x -« .
j1t'(a)
Dividing (32) by (33), gives us
:,(())(()) =g, —C,e’ +(2c; —2c,)e’ +(7c,c, —4c; —3c,)e’ +O(e).

Subsequently, from (31) and (34), we get

y. =a+C,e’ +(2¢c, —2c2)e’ + (4c; +3c, —7c,c,)er +O(ed).
Also, by Taylor series, we have

f(y,)=f'(a)[2c,e’ +(2c, —2c2)ed +(5¢; +3c, —7c,c,)er +O(e’)].
So, from (32) and (36)

f(x)+f(y,)=f'(a)e, +2c,e’ +(2c, —2¢c3)e’ + (5¢; +3c, —7c,c,)er +O(e’)].

From (37) and (33) we have

F(x,)+ Fy,)
f'(x,)

Also, from (32) and (36) we have

=e, —2ce’ —(7c,c, —9cl)e! ++0(e)) .

f(x)-2f(y,)=f'(a)le, —2c,e’ +(4c: - 3c,)e’ +(14c,c, —10c; -5¢, e ++0(e)].

and
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f(x )-3f(y,)=f'(a)[e, —2c,e’ +(6c —5¢,)e’ + (21c,c, —15¢; —8c,)e ++0(e’)]. (40)
Dividing (39) by (40), gives us

) =210y,) _,, 2c,e. +3c,e” + (3¢, +2¢,¢c, —c2)e’ + Oe’. (41)
f(xn)_3f(yn)
From (32), (33) and (36), we get
f (X,“) —27()1 (Xj‘) —e_ +c2e®+(5c,c, —3cic,)et +O(e’). (42)
F(x) £/ (%) =31 (y,) f'(x,)
From (30), (38), (42) and e, =x , —a, We get
e,., = (342 —c2)e’ +(124c,c, —5¢,c, —128c5 +3c))e! +O(e). (43)
From equation (43), we see that the method defined by (30) cubically

convergent for any (g = %) e R. Furthermore, when g =%, the method has fourth-

order of convergence because 34c? —c2 =0 for g =%.0

Replacing gin (30) by % we obtain the following algorithm with fourth-

order convergence:
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Algorithm 1:

Step 1: Let n=0. For given x, calculate x,, x,... such that
=X — fz(xn)_Zf(Xn)f(yn)_ fz(yn)

T T T O (F () —3F ()
where y =x _ T
£(x,)

Step 2: For agive >0, if |f(x,) <&, then stop.
Step 3: Set n=n+1and go to Step 1.

Another iterative methods presented by Saeed and Shno and derived as
follows:
The supper-Halley method defined by

[11 K Jf,(xn) , (@)
21_Kf(Xn) f (Xn)
where
> f(x,)f(x,)
K — n n ) 4
f(xn) f'(Xn)Z ( 5)
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Another improvement of Newton’s method proposed by Kou and Wang (2007),
which is defined by
f(x,)
X =X — :
T f(x) + AF(x,)
whereieR, 0<|4<+oo andals chosen such that the corresponding function
valuesaf(x,) and f'(x,) have the same signs. This method converges

quadratically under the condition f'(x,) + Af(x,)=0, while f’(x,) =0 in some points
IS permitted.

To derive this method, let:

. f(x,)

yn - Xn 9 f’(Xn)-F f(Xn) 1 (47)
where ¢ a nonzero real parameter, and we approximate f”(x,) in equation (45)
by "(y,).

By combining equations (47) and (44), we have the following two-step
Iterative method which is an improvement of the supper-Halley method:

f(x,)

=X—(9 19 R
SR ET RIS

K;(, f
e ot o 1

(46)

, (48)

E 1- Kf(xn) f,(xn)
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£y, ) (x,)
where K, | = nz_Sn’,
T, )
Also, to develop another method which is three-step iterative method, we
combine equation (48) with equation (1) as follows:

Y F(x,) |
SRR TR RN
7 =x _(14_; Kf(xn) ] f(Xn) § (49)
21-K,, ) F1(x,)
X . =7 f(z,)
+ n f’(Zn)
f(y,)f
where K, = E‘y(i )(an )
In equation (49), approximate f'(z,)by the following:
' _ f(Zn)_ f(Xn)_ ' _l " _
f'(z,)=3 %) 2f'(x,) > (x, Xz, — X, )- (50)

Now, by replacing f’(z,) in equation (49) by (50), we can suggest another
new three-step iterative method which is also an improvement of the supper-
Halley method as follows:
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yn = N f(Xn) HER
F/(x,)+ f(x,)
K
Z =X - gt B | 1) o (51)
21-Ki(, ) F(x)
Xn+1 _Zn f(zn)
A

where A=3f(zzn)::()xn)—2f'(xn)—;f"(xn)(zn—xn)and K = f E}f“)f(xn).

Accepted for Puplished in Journal of Dohuk University.

We study the order of convergence of equation (50) and equation (51) by
the following theorems:

Theorem. Assume that the function f:D <R — R has a simple roote e D and let
f(x) be sufficiently smooth function in the neighborhood of the root«. Then the

Iterative method (48) has fourth-order convergence ifo = % R

By settinge:%, we rewrite equation (48) as the following Algorithm for

solving nonlinear equation f(x) =0 which has fourth-order convergence:
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Algorithm 2:

Step 1: For given x, calculate x,, x,... such that

) 1)

fﬂ[xn _ ,

X =X —| 142 Rion | Fx,) , Where K, = 3 (X“)+2f(x”)
21-K, ) ) F/(%,) f'(x,)

Step 2: For agive £>0, if |f(x..,) <e, then stop.

Step 3: Set n=n+1 and go to Step 1.

Theorem. Assume that the function f:D <R — R has a simple roote e D and let

f(x) be sufficiently smooth function in the neighborhood of the roote. Then the

iterative method (51) has seventh-order convergence ifé = % ¢
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Algorithm 3:

Step 1: For given x, calculate x,, x,... such that

znzxn—[l 1

2
f

Xon =24y — (Zn
A

5
where Azs”zn)‘”xn)—zf'(xo—; f'(x)(z,-x) and K, | = (

(Z,—%,)
Step 2: For a give ¢>0, if |f(x,.,) <&, then stop.
Step 3: Set n=n+1 and go to Step 1.
The following algorithms also derived by Saeed and Shno:

Kiow | F(x,) |
1-K f'(x.)’

f(xn)
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Algorithm 4:

Step 1: Herep is chosen so that f(x,) andp have the same sign. Let n=0. For

given x, calculate x,, x,... such that
21(x,)

X=X, —

c f'(xn)iJf*(xn)+4f(xn)[p3f2(xn>—f"(zxn)]

where sign is chosen such as to make the denominator largest in magnitude.
Step 2: For agive &£>0, if |f(x,) <&, then stop.

Step 3: Set n=n+1and go to Step 1.

This algorithm has at least third-order convergence.
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Algorithm 5:

Step 1: Herep is chosen so that f(x,) andp have the same sign. Let n=0. For
given x, calculate x,, x,... such that

2f(x,)
yn :Xn_ P ’
f'<xn)iJf”(xn>+4f(xn>(p3f2(xn)—”an)j
o fy)
Xn+1 - yn f,(yn) !

where sign is chosen such as to make the denominator largest in magnitude.
Step 2: For agive >0, if |[f(x,) <&, then stop.

Step 3: Set n=n+1and go to Step 1.

This algorithm has at least six-order convergence.
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Algorithm 6:

Step 1: Let n=0. For given x, calculate x,, x,... such that

z,=x —|1+ Kf(Xn) f(Xn)’
2(:I-_Kf(xn)) f,(xn)
f(2,)
~2106) = F700)(2, - %)

f(x.) )jf(xn)

f”(xn -
where K, = 3 () + T (%)
f'(x,)
Step 2: For agive &£>0, if |f(x,.,) <&, then stop.
Step 3: Set n=n+1and go to Step 1.
This algorithm converges of order seven.
Also, for multiple roots she obtain the following algorithms of order three:

Xt =Zn —

3 f(Zn)_ f(xn)
(Zn _Xn)
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Algorithm 7:

Step 1: Let n=0. For given x,, compute the approximate solution x
following iterative schemes:
~ T(x)

fr(x)’

by the

n+1

yn:Xn
. £2(x,)

Xn+1 n m—1 -
f'(xn>[f(xn)—(mr‘[l) f(yn>J

Step 2: For a give £>0, if |f(x,.,) <&, then stop.
Step 3: Set n=n+1 and go to Step 1.
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Algorithm 8:

Step 1: Let n=0. For given x,, compute the approximate solution x
following iterative schemes:

by the

n+1

f*(x,)

of | 2 [ i)

where y_ =x _(m+1) %)
2 ) f'(x)

Step 2: For a give £>0, if |f(x,,) <&, then stop.

Step 3: Set n=n+1 and go to Step 1.

X, =X, —

n+1

Note: for details of algorithms (1)-(8), see MSc thesis by Shno, entitled
“Improvements of some Iterative Methods for Solving Non-Linear Equations”,
Salahaddin University/Erbil, Irag, 2009.
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