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Istvan Beck in (1988) first introduced the 

concept of the relating a commutative ring to 

a graph .By the definition he gave , every 

element of the ring of  was a vertex in the 

graph, and two vertices x,y are connected iff 



xy=0.Beck was interested in coloring of the 

graph ;he conjectured that the chromatic 

number of a ring is equal to size of the 

largest complete subgraph of the graph . 

He also characterized all finite rings with 

chromatic number less than 4.





ÅThe Four Color Problem 

Å1852 Francis guthire 

Å1878, Cayley wrote the first paper on the 

conjecture. 

ÅProofs were given independently by 

Kempe (1879) and Tait (1880).

ÅAfter decade Heawood showed in error in 

the proof.

ÅThe next major contribution came from 

Birkhoff in 1922 proved that the conjecture 



is true for a map with at most 25 regions.

In 1976 the proof was achieved by Appel 

and Haken by using computer. They used 

1200 hours of computer time to work 

through the details.

Finally in 2000 Ashay proved the Four Color 

Theorem using groups theory   . 























In 1993 Anderson and Naseer continued 

working with Beckçs definition .They 

provided a counter example to his 

conjecture .



Åbut proved several results regarding the 

cases where the conjecture does hold. 

They also extended his categorization of 

finite rings to those with chromatic number 

less than or equal to 4.

ÅA different method of associating a 

commutative ring to a graph has been 

given by Anderson and livingeston in 

1999.



ÅThat is ,the zero divisor graph ɜ(R),is a  
graph in which each non-zero zero divisor  
of R is a vertex, and two vertices x and y 
are adjacent iff  xy=0  . 

ÅAnderson and Livigston proved the   
following result:

ÅLet R be a commutative ring .Then ɜ(R) is 
complete iff either RḳZ2XZ2 or xy=0 for all 

non-zero divisors x and y.   



ÅWe use the ring Zn as a ring of integer 

modulo n.For example the zero divisor 

graphs of Z20, Z12 and Z36 are:







ÅClearly ,for any commutative ring,ɜ(R) is

Åconnected graph.

ÅA k-partite graph is a graph whose vertices 

can partitioned into k disjoint sets such 

that no two vertices with in the same set 

are adjacent. If k=2 the graph is said to be 

a bipartite graph. A k-partite is called 

complete if every pair of vertices in the k-

set are adjacent which denoted by Km,n

Å.



ÅA star graph Sr  is the complete bipartite 

graph K1,r .



ÅWe shall call a complete graph of n 

vertices by Kn.  

Å



ÅAnna Duane proved 1n 2006 the following 

interesting results.

ÅThe zero divisor graph of Zp
2 is Kp-1

ÅThe zero divisor graph of Zp
3 is a complete 

p- partite ,where p is prime.

ÅThe zero divisor graph of Zp
5 .where p is 

prime has an induced complete p- partite 

sub graph.





ÅA natural question regarding zero divisor 
graphs is to ask which graphs can be 
realized as ɜ(R) for some commutative ring 
R . Given a particular graph ,it is some 
times possible to prove that it cannot be 
realized as ɜ(R) as in the following 
examples

Å1-Let G be a star graph with every vertex 
is looped except the center .Then G 
cannot be realized as ɜ(R)  ,for any 
commutative ring R.

Å2- We first give all possible zero- divisor 
graphs ɜ(R) with order 4
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ÅUp to isomorphism, each graph may be 

realized as ɜ(R) by the following rings:

Å1- Z4 2- Z9       3- Z6      4- F4(x)/(x2)

Å5- Z2x F4             6- Z3 x Z3  and 7- Z25

ÅExample 3 :Consider ɜ(R) with order equal 

5 ,we list all possible graphs of 5 vertices 




