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الملخص  
 الغرض الرئيسي من هذا البحج هو ثظوير الخوارزميبت العددية المثوازية لحل 

المعبدلات الثفبطلية الاعثيبدية الصلبة والثي هي مهبسبة للثهفيذ على الحبسببت من هوع 
MIMD  . 

Abstract  
 The main purpose of this research is to develop parallel numerical 

algorithms  for solution of stiff ordinary differential equation which are 

suitable for running on MIMD computers. 

 

1:Introduction  

A block is the set of all new function values which are evaluated 

during each application of the iteration formula. For a k-points block k 

new values of the solution are produced simultaneously in each 

computational step. Thus, a block method generates a set, or block, of 

new values in a single integration step. 

 Block methods appear to have been first proposed by Milne (1953) 

who advanced their use only as a means of obtaining starting values for 

predicator-corrector algorithms for general use. 

 Several authors (see, for example, [1,2,3,5,8,10,11,12,16,20]) have 

considered block methods for the parallel solution of the initial value 

problem (IVP). 
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 By means of  a single application of a calculation unit, a block 

method yields a sequence of new estimates for y. If k ≥1 is the block size, 

then in simple cases the values of x at which solution are computed will 

be evenly separated [19]. In other words, each basic cycle of the 

calculation has the potential to advance the solution by k new points in 

the x direction. Each such block can, therefore, be considered as a unit of 

calculation. Let ny  denotes the approximation to the exact solution )( nxy  

at  nxx  . Also, nf  denotes the value of f )( nn yx , the approximation for 

)( nxy
. For n=m k, a block of solution can be represented by the vector 



 2 

T

knnnm yyyY ),,,( 21  
 with jny  (1 ≤ j ≤ k), the generated solution 

at 
jhxx njn  , where nx  is the right-hand end point of the preceding 

block and is the uniform spacing between solution values. 

 

 Such  procedures  can be formulated either as implicit predictor-

corrector methods [16]. In addition the underlying formulae may only rfer 

to the end point of the previous block, so called one-step methods. In 

order words, by one-step methods, we mean methods that compute the 

block of values iny  , i=1, …,k, from the value of ny
 only. Otherwise, 

some or all of the points in the previous block could be used (multi-step 

methods) or a number of previous blocks in which case the methods are 

referred to as multi-block methods. 

 

2: Cash's Block Method For Nonstiff ODEs: 

Cash [3] derived a block Runge-Kutta formula suitable for the 

approximate numerical integration of non stiff initial value problems for 

first order systems of ordinary differential equations. The central idea of 

Cash's formula is similar to one due to C.W . gear [6] in developing 

Runge- Kutta starters for linear multi step methods. So that Cash's paper 

can be regarded as complementary to the paper by Gear. Cash lists some 

block integration formulae of order 1-4, and he leaves the derivation of 

higher order formulae as an area for future research and they can 

considered as challenging problems. The third order formula, for 

example, derived by Cash has following form:- 
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Where          1a =0.9173076923,  2a =-2.807692308,  

  3a =0.3923076923,  4a =1.073076923,         5a =1.425, 

So that  

  }4/34/1{ 311 kkhyy nn   

  }32/2732/732/2132/9{ 54312 kkkkhyy nn   
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 The formula is obtained by using the standard RK formalism for 

block methods with the coefficients of the Butcher array for a 
thp  order 

formula given for the stepsize H= ph, and the weights for solution at 

internal points in the block are given under the dotted lines. 

 

3: Cash's Block Formula for Stiff ODEs: 

 Cash [4] extends the algorithms described in [3] to include 

diagonally implicit Runge-Kutta (DIRK) formulae, to be suitable for the 

numerical integration of stiff differential systems, depending on the paper 

of Bond & Cash that derived a class of block cyclic integration formulae. 

Consider the second order implicit integration formula : 
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Where 
.)1()1(

1

)1(

nnnh yyy    By using the well-known "Butcher 

Matrix Notation (3) can be represented in the form: 

 

Tb

AC

 
 

 Using this notation the formula (3) can be written for the 

computation of  
)2(

3ny
  as: 
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 This formula has important property that as well as providing a 

second ardor solution at 3nx
 it also provides both first and second order 

solution at 2nx
. Therefore, the formulae used to compute 
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          and (4) 

 

We note that five stage block formula (4) provides 5 separate solution. 

 

4: Parallel Block Methods: 

Block methods were around well before parallel computation. Milne in 

1953 as we have seen before discussed method that generates four new 

values in a single step, he actually proposed it for generating starting 

values for a multi-step method. Rosser [15] started with this method and 

modified it to be more efficient as a computational procedure for step-by-

step integration rather than as a starting method for  a multistep method. 

It is useful to examine the original method proposed by Milne in a more 

succinct notation [7]: 
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                      i=1, … ,4                     (5) 

Where the stepsize nnn xxh  1  is assumed to be constant. Since these 

equations are implicit in y, Milne handled them by functional iteration, 

using  
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         i=1, …,4  , m=0, 1,     (6) 

 

The values of 
)0(

iy
are calculated by use of the forward Euler 

formula separately over step of h, 2h, 3h, and 4h, which is exactly the   

same as applying equation (6) for m= -1 with 
),(,( 00

)1( yxfyxf ii 

. 

The parallelism inherent in equation (5) is obvious: a separate processor 

can be assigned for each I, so this system can use four processors. 

 This idea has been carried further by Shampine and watts [17] who 

consider block implicit methods techniques for their implementation, and 

then for parallel processing by Franklin [5] and Birta and Abou-Rabia [2] 

who use one-step block corrector methods coupled with multi-block 

predictor formulas, and Chu and Hamilton who use multi –block 
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methods. Other researchers also discussed parallel block methods such as 

Worland [20], Katz et al [10], Kerckhoffs [11], Khalaf [12] and 

Sommeijer et al [18]. 

 In predictor – corrector block methods the value of the unknown 

vector is computed ahead simultaneously at a predetermined number of 

future points; the computation is based on the computed values of the 

vector at earlier points. The computation proceeds in blocks. Within a 

block it is possible to assign both the predictor and the corrector 

computation at each future point to a single computer, and to perform the 

computation at all future points simultaneously in parallel. Similarly, 

Bickart formulate composite multistep methods which are A-stable, 

thereby making them suitable for the numerical solution of stiff system of 

differential equations. These methods are also of block type and the 

parallelism can be used as before. On the other hand, in the method 

presented by Miranker and Linger [14] for example, parallelism is 

achieved in a different way. It is assumed in [14] that the predictor-

corrector algorithm operates in a PECE mode ( one predicted derivative 

evaluation and one corrected derivative evaluation) and that the processor 

performs either a predictor or a corrector calculation. New formulas are 

developed in which the corrector does not depend serially upon the 

predictor, so that the predictor and the corrector calculations can be 

performed simultaneously. 

 

 

4.1: Parallel Block Implicit Methods: 

 Block implicit methods as described by Shampine and Watts [16] 

and by Rosser [15] have been shown to be competitive with standard 

methods for integrating ODEs. Worland [20] showed that block methods 

are good candidates for parallel processor implementation and are easily 

adapted to a parallel mode with little apparent degradation in the solution. 

 In block implicit methods, time is divided into a series of blocks 

with each block containing a number of steps at which solutions to 

system equations are to be found [5]. Block values are all obtained 

together in a single block advance and the block may be considered as 

unit calculation. The accuracy of the method can be changed by changing 

the number of steps in a block or the size of the steps. These changes can 

be made dynamically at the start of each block calculation on the basis of 

error condition occurring in the previous block. 

 In a k-point block method each pass through the algorithm 

simultaneously produces k new equally spaces solution values. 

 Block implicit methods can be applied in a one- step mode, in 

which only the last point in the block is used to compute the first 

approximation to the k values of the next block. Then, implicit formulas 
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are applied iteratively until convergence is achieved to the maximum 

order of accuracy obtainable [16]. 

 An example of a parallel 4- point one – step implicit block scheme, 

based upon integration formulas which are basically of the Newton- 

Cotes type, is (see Worland (1976)[20]): 
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Where s = 0, 1, …, S is the iterations number, r indicates a node in a 

block, 
).,(),(, )()()1()1( s

ii

s

i

s

iii

s

ii yxfandfyxffyy  

 

 However, on a parallel machine rnrn andfy   are computed on 

processor r, and thus they are calculated simultaneously for different r. 

 Block implicit methods can also be adapted to a predictor – 

corrector mode, as we shall see later; in this case the solution values of a 

block may be used to predict a solution at each node of the next block. 

 

4.2: Parallel Block One- Step Method:- 

 In the sequential one – step approach, a sequence of open and 

closed Newton – Cotes formulas is used to generate initial approximate to 

the solution y(x) at each point in the current block. Then implicit 

formulas are applied iteratively until convergence is obtained to the 

maximum order of accuracy obtainable. Only the solution at the last point 

in the block is used to start the next block. 

 The modifications of these algorithms to obtain effective schemes 

for parallel processor are straightforward. In the sequential approach, the 

sequence of equations is applied in a "Gauss-Seidel" sense, each newly 

computed approximation being used in the next formula in sequence. On 

parallel machine these equation must be applied in the "Jacobi"           

sense [20]. 

 Lets us take a block which consists of k equidistant points 
,rhxx nrn   r=1, …, k where h is the step size, and kh represents the 

block length. And let ny  represents the approximate solution of a given 
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first order differential equation at nx  the initial point of the current block, 

and y( nx ) is the exact solution at nx . 

 The formulas for sequential two- point block scheme are:- 
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 The sequence (7) – (11), as given by Rosser [15], is used minimize 

the number of derivative evaluation required. 

 The corresponding formulas for the parallel are: 
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Where s = 0, 1, 2, (3). On parallel machine 
)1(

1





s

ny   and 
)1(

2





s

ny  are obtained 

simultaneously for each s. 

A similar algorithm for the four point block can be used. In general, three 

steps of  the one step block methods can be given: 

(1)  each point of the block methods can be given: 

(2)  approximation for the solution is evaluate by Euler's method. 

(3) Values are improved by Newton-Cotes k+1 points formula 

 

4.3: Parallel Block Predictor- Corrector (PBPC) Methods:- 

 Block implicit methods can also be adapted to a PC mode; in this 

case all the solution values of the block may be used to predict a solution 

at each node of the next block. Block implicit PC scheme have been 

given for example in [20] and [5]. The block predictor- corrector (BPC) 

method provides a procedure for conveniently distributing over a set of 

processors, the computational workload involved in generating the 

numerical solution of a set of ordinary differential equations. 

  The procedure is inherently parallel in the sense that the workload 

distribution occurs without any need for partitioning of the given 

equations [2]. The term "block" in the BPC method refers to the set of 
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new solution values that are produced with each execution of the 

formulas associated with the method. When the method is used in its 

basic form, a k-processor configuration is associated with a block having 

k points and each pass through the formulas, which are distributed over 

the k processors, simultaneously produces the k new solution values 

within the block. Correspondingly, the solution is advanced by kh where 

h is the spacing between the solution values within the block. 

  As an example consider the two point case block PC method. This 

is a process of  two parallel prediction following by two parallel 

correction: 

(1) first, the initial values of the solution have to be computed or 

known. 

(2)  Predictor formulae are used to calculate new values (in this case 

two values). 

(3)  Corrector formulae are used iteratively. 

This procedure can be easy applied using two processors, where each 

processor is allocated to doing both predictor and corrector calculations 

for one point of the block. 

 To make it clear consider a fourth order block PC for the numerical 

integration of a system of a set of ODEs, presented by Shampine and 

Watts [16] is as follow: 

 The predictor equations are: 
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The corrector equations are: 
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 In this case, each block consist of two steps, n+1 and n+2. the 

predictor equations are dependent on values taken from the previous 

block (n, n-1, n-2). The corrector equations depend on a single value from 

the previous block (n) and the predicted values of the current block (n+1, 

n+2). The first predictor is used to set up the first corrector; then the 

second predictor can be computed to set up the second corrector. The 

equations within each part are independent of each other even though 

they refer to successive time steps. Thus the equation can be easily 

mapped onto a two-processor system where one processor is devoted to 

point n+1 and the other to pint n+2. the processors have to exchange 
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information twice per block, once after the predictor equations and 

corresponding function evaluations have been evaluated, and once after 

the corrector equation and corresponding function evaluation have been 

evaluated. Solution of each block, however, provides two Y values, 

where the function evaluation and the Y variable calculation for these two 

are performed in parallel. This effectively halves the time required for 

function evaluation and Y variable calculations [5]. 

 A timing diagram for a single block which corresponds to a two 

processors implementation of (12) through (15) is given in the following 

figure: 

 

Processor  P1 

 

 

 

Processor  P2       

 

 Fig. (1) : timing for PBPC integration algorithm  Data 

are being exchanged. 

 

 Each processor in the figure performs both the predictor and 

corrector evaluations associated with a single point, processor 1 point n+1 

and processor2 point n+2. 

 Franklin [5] says that if more processors are available, then it is 

possible to increase the number of steps per block and change the block 

size such that each processor is allocated to one or more points per block. 

In general, the method's parallelism guarantees that the function 

evaluation times will effectively decrease directly as the number of 

processors used increases. The following figure (2) shows the timing 

diagram for the case k = 4 
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←A→ ←B→ ←C→ ←D→ ←E→ ←F→ 

 time 

   A: evaluate the predictor formulas. 

   B: evaluate the derivative function. 

   C: exchange derivative values. 

   D: evaluate the corrector formulas. 

   E: evaluate the derivative function. 

   F: exchange derivative values. 

  Fig.(2): Timing diagram for four processor case. 

 

 We note that with PCBC algorithm in the two processor system, 

processors are assigned doing to both predictor and corrector calculations, 

but on successive step, with PPC algorithm, processors are assigned to 

doing only predictor or corrector calculations but on a single step. 

 

4.4: Parallel Block Methods – Fixed Order and Fixed Length: 

 Adopting the notation used by Birta and Abou-Rabia [2], the 

formula of the block method can be expressed as: 
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Where e and k-vectors, B is a k× k matrix, and F is a k=factor whose 
thj  

entry is 
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 1 ≤ j ≤ k. As (5.16) is implicit in my  it has 

to be solved iteratively using, in the first instance, predicted solution 

values. A predictor equation for Y can be expressed in the form: 
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Where  is k-vector. Substitution of      into the right-hand side of (5.16) 

yields the block predictor-corrector (BPC) method: 
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We can write (18) in the form: 
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Where A is  k× k matrix. 

 In accordance with the terminology used in the linear multistep 

case, this application is called PEC mode. Of course, one can continue 

this process by substituting the result of  (18) into the right-hand side of  

(16) arriving at 
yv EECP 1)( mode, in which γ=0  indicates that a final 

evaluation is done before proceeding to the next block. Abbas and Devles 

[19] considered this approach using an explicit Euler predictor and then 

corrected twice by a trapezoidal corrector applied in the composition 

case. This method can be computed in three steps for each equidistant 

step point r = 1, …, k as: 

),,()0(

nnnrn yxrhfyY    

),,(2/),(),,(2/ )0()0(
1

1

)1(

rnrnin

r

i

innnnrn yxfhyxfhyxfhyY 





  
    (20) 

).,(2/),(),,(2/ )1()1(
1

1

)2(

rnrnin

r

i

innnnrn yxfhyxfhyxfhyY 





  
 

 

With 
)0(

mY  by (17), method (20) has 
2)(ECP  from  

,
~)0(

nnm fdheyY   
),( )()1( s

mnn

s

m YhBFhdfeyY 

         s = 0, 1 

Where  





















































































2/1111

02/111

02/11

002/1

,

2/1

2/1

2/1

,
2

1

,

1

1

1

~












Bd

k

de

 
 

 As we have seen that the simplest initial estimate for elements of 

mY  is obtained by the one step Euler formula as in equation (17). 

following an application of equation (19) or (17), equation (16) may be 

applied iteratively through: 
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Inspection of equations (16), (19) and (21) shows the potential for 

parallelism in the calculation of my  (equation (19)), 
)(i

mF (equation (21)), 

and also in the calculation of  the right-hand side of equation (16). the 

granularity of the parallelism is variable and depends upon both the block 

size and the computation effort to calculate the derivative function         

f(x , y). 

 

4.5: Parallel Block Methods – Fixed Order and Varying Length: 

 This method uses equation (17) to predict solutions to the problem 

then applies the equation (22) iteratively: 
p

m

i

m hAFeyY 

0

)1(

         (22) 

Where  
)1( i

m
Y  is as in (21), e is a unit k-vector, A is a k × k matrix and  

p

mF  

is a (k+1)-vector whose 
thj  entry is 

),,)1(( 101

p

jj yhjxff  
 

With 
p

j
y

1  the latest estimate for jy
. 

Lets us consider an implementation of the method with A define by: 
,2/1)1(1  rrr aa
 where r=1, …, k                              (23) 

And 
1

rj
a

 where r=2, …, k and j=2, …,r     (24) 

It can be seen that there is a potential for parallelism in the calculation of 

the predicted y values i.e 
p

mY  (equation (17)) and hence the predicted 

derivative values 
P

mF . The right – hand side of (22) can be split up into 

sub-block work packets and farmed out to processors, allowing a high 

degree of parallelism to be accomplished. 

For example with 2 processors, equation (22) can be manipulated thus: 

First with A in its complete form: 

(25)
p

m

i

m Fhyey





































2/11111112/1

2/1111112/1

2/111112/1

2/11112/1

2/1112/1

2/112/1

2/12/1

0

)1(













 

The calculation of A 
p

mF is readily parallelized using a splitting of A.  

If we write A as : 



13 

 

(26),

2/111

2/11

0

2/1

00

11112/1

11112/1

0

11112/1

2/11112/1

02/1112/1

2/112/1

2/12/1



























































































A

 

And further split A up to: 

 

 27











































































































2/111

2/11

00

2/1

000

1111

1111

00

111

2/1111

0

2/1110

2/11

2/1

2/1

2/1

00

2/1

2/1

2/1

002/1

2/1





















A

 
 

Or 210 AAA          (28) 

Then (25) could be represented by: 
p

m

i

m FAAAheyY }{ 2100

)1( 

      (29) 

Or 
P

m

P

m

P

m

i

m FAFhAFhAeyY 2211000

)1( 

     (30) 

Where 
T

k

P

m

TP

m
fffFfF ]0,...,0,,...,,,0[,]0,....,0,0,0,[

2/21100
  and 

T

kkk

P

m
fffF ],...,,,0,....,0,0[

22/12/2 
  are (k+1)-vectors. 
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Thus by splitting up the 
P

mF  vector and matrix A over 2 processors with 

both processors knowing h/2 0f  and processor 2 knowing estimate of 

, rf
 r=1, …, k/2 then estimates for 

)(i

rY , r=1 ,… , k/2 and 

,)(i

sY  s=k/2+1 ,… , k can be obtained in parallel. 

It should now be apparent that A can be split across any number of 

processors. In general for a P processors where k/P = q we follow the 

procedure of splitting up as in equation (30), i.e 
P

m

P

m

P

m

i

m GhBFhAFhAeyY 2211000

)1( 

                                      (31) 

Where 
T

q

P

m

TP

m fffFfF ]0,...,0,,...,,,0[,]0,....,0,0,[ 21100 
 and 

T

kqq

P

m fffG ],...,,,0,....,0,0[ 212 
 are (k+1) – vectors. 

The splitting up continue with 2B : 

 32

















































































2/111

2/11

00

2/1

000

000

1111

1111

00

1111

2/1111

00

2/111

2/11

2/1

000

2
















B

 

 

Or 322 BAB                                                                      (33) 

Then 
,]0,...,0,,...,,,0,....,0[ 2212

T

qqq

P

m fffF 
 

And  
T

kqq

P

m fffG ],,...,,,0,....,0[ 22122 
 

Similarly we split 3B , into 3A  and 4B , and continue until finally: 
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 34

















































































2/111

2/11

00

2/1

000

000

1111

1111

00

1111

2/1111

00

2/111

1

2/1

000

1


















pB

 

Or  ppp AAB   11                                                                 (35) 

Giving us: 

P

m

P

mr

P

r

r

P

m

i

m GFAhFhAeyY 2

1

000

)1( 


 

                                         (36) 

Where 
T

rqqr

P

me ffF ]0,....,0,,....,,0,...,0[ 1)1( 
 and the rA  matrices are defined as 

above. 

Thus the work of calculating k y-values may be farmed out by splitting 

up 
p

mF  and A into P+1 sub-vectors and matrices. As each processor 

knows the value of 0y  and 0f , processor P needs only to receive an 

estimate of  rf
, r= 1, …, (p-1)q, to calculate its sub – block of y- 

values, 
)(i

ry , r = (p-1)q+1, pq. 

On inspection of the method it was found that increased accuracy could 

be achieved in the corrector by updating the estimate of 1jf
 in the 

calculation of 
)(i

jY
 through the sub-block. E.g. consider the first point in a 

sub-block 
)(i

jY
. The equation to calculate this point can be written: 

p

j

j

r

p

r

i

j fhfhfhyy 2/2/
1

0

00

)(  


                                             (37) 

Where 00 , fy , and 
p

jf
 are known locally and the sum of 

p

jf
's are 

communicated. 

The next point in the block is calculated by: 






 
1

0

1001 2/2/
j

r

p

j

p

j

p

r

p

j fhhffhfhyy

                                   (38) 

Or  
)(2/ 1

)()(

1

p

j

p

j

i

j

i

j ffhyy  
                                                     (39) 



 16 

But as we have calculated 
)(i

jy
 before we start to calculate 

)(

1

i

jy   we could 

find 
p

jf
 and use this equation (39) to find an update solution for 1jy

. 

Then for all points of a sub-block except the first one, the equation for 
)(i

ry  (r ≠ 1) is: 

)(2/ 1

)(

1

)( p

r

i

r

i

r

i

r ffhyy                                                              (40) 
 

4.6: Parallel Block Methods For Stiff Equations: 

  Many algorithms for numerically solving initial value 

problems for ordinary differential equations (ODEs): 

00 )()),(,( yxyxyxfy 
                                                  (41) 

Are based on implicit linear multi step methods (LM methods), in 

particular on Backward Differentiation methods (BDF methods). The 

main reason for their popularity is the relatively low computational effort 

per step, at least when compared with other suitable methods for stiff 

equations, such as implicit Runge-Kutta methods. However, the BDFs 

have one serious disadvantage: they are subject to the so-called "second 

Dahlquist barrier", which says that the order cannot exceed two if the 

method has to be A-stable. Thus the higher-order BDFs lack the property 

of A-stability. This means that if a higher-order formula is selected 

(dictated by accuracy considerations), then it may happen that – for 

certain types of stiff ODEs the algorithm encounters stability problems 

which usually result in a dramatically degradation of the performance. To 

circumvent this behavior it is highly desirable to have A-stable methods 

of high order without increasing the computational effort per step. 

 It is our aim to construct block methods. Block methods can be 

consider as a set of simultaneously applied linear multi step methods to 

obtain several numerical approximation within one application. 

 Initially, the block methods were introduced to circumvent the 

restriction that apply to linear multi step   methods: the limitation on the 

order because of zero-stability (known as the "first Dahlquist barrier") 

and the order-restriction with respect to A-stability (which is usually 

called "Dahlquist's second barrier"). Both restrictions can be avoided by 

changing from the linear multi step methods to the block methods. 

Moreover, parallelism can be achieved in a very natural way. 

 For the numerical integration of stiff ODEs, a method should 

preferably: 

(i) be A-stable, and 

(ii) have a high order of accuracy. 

However, it is well known that these are conflicting demands for 

linear multi step methods (this is the so-called ‘second Dahlquist barrier). 
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One possible way to achieve the goals (i) and (ii) is to consider implicit 

block methods. 

 

4.7: Block Ruinge-Kutta Methods:  

Let us start with the conventional s-stage RK method:  




 
s

j

i

nijn

i

n yfbhyy
1

)(

1

)(

1 ),(

 i=1, …, s+1; 
)1(

11



  s

nn yy  , n=0, 1, …                                                            (42) 

         The general structure of the block Runge-Kutta (BRK) methods 

considered in this work is a direct generalization of this conventional 

method. We introduce block vectors ny , the components of which are 

numerical approximations to the exact solution values at k points. To be 

more precise, let  1ny    be defined by:  

1,),...,,( ,2,1,1  k

T

ckncncnn cyyyY
 

where cny ,  denotes a numerical approximation to the exact solution value  
)( chty n   .  For scalar ODEs , we now define the s-stage block RK(BRK) 

method:  

),( )(

11

1

)(

1

j

nn

s

j

ijni

i

n yxfBhYAY 



 

, i=1, …, s+1; }               (43) 
)1(

11



  s

nn YY  ,n=0, 1, … 

where iA and ijB
  are k-by-k matrices and where we use the 

conventional that for any given vector v = ( jv
), f(v) denotes the vector 

with entries f( jv
). This method can be considered as the block analogue 

of (42). It is straighforwardly extended to systems of ODEs and therefore 

also to nonautonomous equations. In order to start the method, one needs 

the initial vector 0Y  , which requires as many starting values as there are 

distinct values jc
 (j = 1, ... , k).  

In analogy with the Butcher array for describing the RK methods  

We may describe the BRK methods (43) by the k(s +1) - by - k(s +1) 

array 

 

sss

sss

s

bb

bb

bb

,11,1

1

111

 






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We may describe the BRK methods (43) by the k(s+1) - by – k(s+1) 

array: 

 ssss

ssss

s

BBA

BBA

BBA

,11,11

1

1111

 







 
 

This notation is particularly convenient when more than two stages 

are involved. It frequently happens that the two last rows of this array are  

identical. In such cases, we shall omit the last row in order to save space.  

We call the method explicit if the matrices B1 vanish for j I, and  

implicit otherwise, the k component of the blocks F(
)(

1

j

nY  ) can be  

computed in parallel; hence if k processors are available, then (explicit)  

BRK methods require not more than S (sequential) right-hand side 

evaluations per step. However, the required number of processors is often  

less than k, without causing the number of (sequential) right-hand side  

evaluations per step to exceed s. For instance, it may happen that in the 

formula for a particular component of 1nY  no right-hand side evaluations 

occur, that is, all rows in the matrices ijB
 corresponding to this 

component vanish. In such cases, the processor assigned to this 

component is not needed. Similarly; if the
thr  column of all matrices 

ijB
vanishes, then the computation of the corresponding component of 

1nY does not require any right-hand side evaluation not already occurring 

in the formulas for the other components, so that there is no need to 

assign a processor to this component. We define the optimal number of 

processors as the number of processors for which the number of 

(sequential) right-hand side evaluations per step is minimal.  

        The points nt  and 
ht

jcn  (j≠ k) will respectively be called step points 

and block points. Block points coincide with step points if the 

corresponding value of jc
is an integer. Upon completion of the 

integration process, the accuracy of the numerical solution obtained does 

not necessarily be the same at all points
hct jn  . Points where the 

corresponding components of 1nY do have the same order as the 

components corresponding to the step points nt will be called output 

points.  

The general explicit one-and two-stages methods are respectively given 

by:  
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   212

1 0

BA

A

   i.e., )( 12121 nnn YAfhBYAY     

                   

 And  

 

 0

0

00

313

212

1

BA

BA

A

                      
 

i.e., )).(()( 12123213131 nnnnn YAfhBYAfhBYAfhBYAY   

Here, 0 denotes the k-by-k matrix with zero entries 

          As a numerical example of an (explicit) 3-stage method, we present 

the modified multi step method of Butcher of order 5 as a BRK method: 

the block point vector is given by 
Tc )1,0(  and the Butcher array assumes 

the form : 

0
93

15
0

93

64

93

12

93

1

31

32

31

1

00000010

000010

)1.0(4
15

32
0

15

26

5

28

5

23

0010

8/98/301

10

01




 Tc

 

          The construction of higher-order BRK methods is rather difficult in 

the general case. Houwen and Sommeijer [9] construct high-order 

methods of a special form which are obtained by using the predictor- 

corrector (PC) technique. The starting point is the special implicit two- 

stage method 
).()(.,. 11   nnnn YhCfYhBfAYYei                                   (44) 

If C does not vanish, then we can use this method as corrector and if c = 0 

, then it can be used as (a one-stage) predictor formula, e.g 

     i.e., )(1 nnn YhBfAYY                                              (45) 

From this pair we can generate higher-stage BRK methods by PC 

iteration provided that the block point vectors c1 (c1, ... , Ck)’ are 
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identical. For example, in PECE mode we obtain the special two-stage 

BRK method 

       i.e., )).(()(1 nnnnn YhEfDYhCfYhBfAYY                      (46) 

          Finally, it should be remarked that (45) is also the representation of 

the so-called general linear methods introduced by Butcher in 1966. Most 

methods from the literature (including the BRK method (43) can be cast 

into the form (45). However, although the original method is explicit, the 

general linear method version is often implicit. For example, the explicit 

two-stage BRK method (46) can be rewritten in the form (45) by 

redefining the matrices A , B and C in (45), but C will not be a zero 

matrix.   

In the following subsections, we present in BRK form two methods 

which have been proposed for use on parallel computers. In particular, we 

give examples of the predictor-corrector methods of Miranker and 

Liniger [14] and Shampine and Watts [16]. A discussion of block 

methods for parallel computation may be found in Gear [7]. 

  

4.8: Methods of Miranker and Liniger: 

The methods of Miranker and Liniger [14] can be represented as 

explicit, one-stage BRK methods. For example, their second-order 

method can be represented by the array 

2/12/110

)1,2(0210

10

01

(47)Tc 
 

 

And their fourth – order method by  

24

19

24

9

24

5

24

1
1000

3

5

3

8

3

4

3

1
1000

00001000

)1,2,0,1(00000010

1000

0100

0010

0001





 (48)Tc

 

         Both methods require only two processors and respectively two and 

four starting values when implemented in BRK form. 
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4.9: Predictor-Corrector Method of Sham pine and Watts:  

The PC method of Shampine and Watts [17] is based on the block 

method of Clippirige and Dimsdale (1958), which can be presented in the  

form (44) as: 

 

6

1

3

2

6

1
010

)1,2/1(
24

1

3

1

24

5
010

10

01

49Tc 
  

And on the predictor defined by 

 

24

79
3

24

29
0

3

1

3

1

3

1
0

12

13

3

1

4

1
0

3

1

3

1

3

1
0

00001000

)1,2/1,0,2/1(00000100

1000

0100

0010

0001





 50Tc

 

Method (49) is one of the oldest block methods proposed in the 

literature. Sham pine and Watts proved that this corrector method is 

fourth-order accurate at the step points. They also proved that the 

predictor method is third-order accurate and possesses favorable stability 

properties. This predictor can also be applied as a method on its own and 

requires four starting values and one processor.  

In order to apply the PC pair (50) - (49) using the BRK format, we 

rewrite the corrector in the form: 

6

1

3

2
00

6

1
0001000

24

1

3

1
00

24

5
0001000

000000001000

)1,2/1,0,2/1(000000000100

1000

0100

0010

0001



 (51)
Tc

 

The PC method of Sham pine and Watts was implemented by 

Worland [20]On two processors. 
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5: New Parallel Block 6 (5) Runge-Kutta Method:- 

Runge-Kutta formulae have been widely used for the numerical 

integration of initial value problem: 

),( yxfy   ,           00 )( yxy   

An explicit q- stage formula can be written in the general from: 

 
,

1

1 i

q

i

inn kbhyy 


 

     
),(

1

1

1 j

i

j

ijnini kahyhcxfk 




 

 ; 

where the ib , ic and a1 are constants that define the formula and  

nn xxh  1 is the step length. The approach used involves the derivation 

of a Runge-Kutta pair of orders p and p-I. This allows  

the computation of two separate solutions: 

 
,

1

1 i

q

i

inn kbhyy 


 

                           (order p),  

 



 
q

ii

iinn kbhyy 1

                            (order p-1),  

 

The idea presented was to derive parallel block formulae which  

 compute the solution at more than one step point.  

     Our approach for the derivation of a Parallel block 6(5) formula in 

stages is as follows: 
),( 88776655443322111 kbkbkbkbkbkbkbkbhyy nn   

),( 87665543211 874321
kbkbkbkbkbkbkbkbhyy nn  

Where 

            ),(1 nn yxfk  
),,( 12122 khayhcxfk nn  

)),(,( 23213133 kakahyhcxfk nn  
)),(,( 24214144 kakahyhcxfk nn  

)),(,( 45435325215155 kakakakahyhcxfk nn  
)),(,( 56546436326216166 kakakakakahyhcxfk nn  
)),(,( 56546436326216166 kakakakakahyhcxfk nn  

)),(,( 67657547437327211777 kakakakakakahyhcxfk nn  
)),(,( 78768658548438328211888 kakakakakakakahyhcxfk nn  

To find the coefficients of the method we make some assumptions 

and we compare these coefficients with Taylor series expansion about y 

( 1nx ) , we get: 

,
212

ac   
,

32313
aac   

,
4342414

aaac   
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,
545352515

aaaac   
,

65646362616
aaaaac   

,
76775747372717

aaaaaac   
,

878685848382818
aaaaaaac   
1

87654321
 bbbbbbbb  

,2\1
88776655443322
 cbcbcbcbcbcbcb  

,3/12

88

2

77

2

66

2

55

2

44

2

33

2

22
 cbcbcbcbcbcbcb  

,4/13

88

3

77

3

66

3

55

3

44

3

33

3

32
 cbcbcbcbcbcbcb  

,3/1
8878776766565545443433232212
 cabcabcabcabcabcabcab  

 

Let 02 b  

),1(
jjiji

cbab          1≤ j ≤ 8 

Which tends to : 

 

 

 

 

 

 
77878

66868767

55858757656

44848747646545

33838737636535434

828727626525424323

11818717616515414313

1

1

1

1

1

0

1

cbab

cbabab

cbababab

cbabababab

cbababababab

abababababab

cbabababababab















 

For parallel purposes consider 0
7686
 aa  

Set: 

 7668
,,.1 ccbChoosec   arbitrarily  

Let 0666667.0&1,0
766
 ccb  

Solve the linear equations: 


 


5

1 )1(

1

j

j

ii
j

cb

for .,,,,
87543

bbbbb  

By consider 833333.0,666667.0,2666667.0,1666667.0
5432
 cccc  

and by using Gauss elimination (we wrote a Pascal program for this 

technique) we get: 

.06976138.0,01057827.0,13521570.0,31922927.0,39012728.0
87543
 bbbbb

Set  





8

2
1

1
i

i
bb

.0750881.0
1
b  

Choose 6564
,aa arbitrarily and solve for 6362

aanda  
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  







7

3

7

3

6

2

6

2

66

120

1

168

1
1

3/1,2/1

ccacccb

ccacca

jijiii

iiii

 
Set 

 
.

5

3
6661 




i

i
aca

 

Choose 74
a  arbitrarily solve for :,

727375
aandaa  

 

 

 

 















840

1
1

210

1
1

01

3/1,2/1

3

4

3

3

7

2

7

2

77

kjkijii

jijii

jijii

iiii

aaacb

aacb

aacb

ccacca

 
Set 

 




6

3
7771

i
i

aca
 

Set 

 

 

 























7

3
8881

87787

8

7

1
8

/1

6,5,4,3,1

j
j

jk
kjkjjj

aca

bcba

jbabcba

 
 

This defined all the coefficients of the formula of order 6. 

 .141526042.028630227.0

13738157.064817982.597674419.6

03546512.223378824.0324.0

94558824.065333333.155086667.0

34509804.03055556.05045752.6

84.288541667.0

640625.616666667.9578125.2

5.26666667.28333333.0

2133333.005333333.016666667.0

8785

848382

817574

737271

656463

626154

535251

434241

323121



















aa

aaa

aaa

aaa

aaa

aaa

aaa

aaa

aaa

 
 

 It is now straight forward to derive the embedded formula of order 

5 and this can be done in the following way: 
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 Choose 87
,bb  arbitrarily, set 0

2
b  

Solve the linear equations  

 
  4,3,2,1,11

,
 jjcb j

ii   











8

2
1

6543

3

1

.,,,201

i
i

jiji

bbset

bbbbforcab

  
Thus we get by using Gauss elimination technique: 

08127382.0,06823801.0

,140988713.0,31268063.0,39682041.0

16

543





bb

bbb

 
Since we are dealing with stiff ODEs, we need that the integration 

method to be implicit, so by putting h=-h we obtain such formula. 

 

Example 1:  

Consider the stiff equation:  
   521,0,010001001  xyyy  

which can be rewritten as a first order system as following : 
   

   54

53

10,10001001

10,

2122

121





yyyy

yyy
 

 Applying the of section (5) for the system we get the following 

results (h=0.1): 

 

Table (1) results of the method of section (5) for the above system 

x Apr. 1y  Apr. 2y  Apr. 3y  Apr. 4y  Exact 

0.1 .9048392 -.9048392 .9048373 -.9048373 .9048374 

0.2 .8187342 -.8187342 .8187305 -.8187305 .8187308 

0.3 .7408234 -.7408234 .7408178 -.7408178 .7408182 

0.4 .6703269 -.6703269 .6703195 -.6703195 .6703201 

0.5 .6065392 -.6065392 .6065299 -.6065299 .6065307 

0.6 .5488218 -.5488218 .5488107 -.5488107 .5488116 

0.7 .4965970 -.4965970 .4965841 -.4965841 .4965853 

0.8 .4493421 -.4493421 .4493274 -.4493274 .4493290 

0.9 .4065843 -.4065843 .4065678 -.4065678 .4065697 

1.0 .3678954 -.3678954 .3678771 -.3678771 .3678794 

Where  

Apr. 1y =correction approximation of (53) for the method of order 6 

Apr. 2y =correction approximation of (54) for the method of order 6 

Apr. 3y =correction approximation of (53) for the method of order 5 

Apr. 4y =correction approximation of (54) for the method of order 5 
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6:Conclusion:- 

Parallel block methods provide interesting schemes. These 

schemes contain many tasks which can be computed in parallel and the 

performance of the particular parallel block scheme depends on the 

number of these independent tasks. We conclude that the algorithms 

developed are suitable for executing in fully parallel systems , i.e. MIMD 

computers. Moreover the solutions of stiff ODEs using parallel computers 

offer a promising field for future research.  

 

7: Future work:-   

We suggest driving and developing parallel block methods of 

higher order for solving stiff IVPs. 
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