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Abstract. In this work we present the conjugate gradient algorithms with special attention on
their definition. 40 nonlinear conjugate gradient algorithms are presented. For each of them we

present the formula for ,Bk definition or the main ingredients for algorithm definition. The

conjugate gradient algorithms can be classified in 6 groups: classical, hybrid, modified. scaled.
parametnized and accelerated.

Conjugate gradient algorithms are characterized by strong local and global convergence
properties and low memory requirements. The history of these methods begins with the
research of Magnus Hestenes at the Institute for Numerical Analysis and with independent

work of Eduard Stiefel at the Technische Hochschule Ziirich.
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Eduard Stiefel (1909-1978)

Magnus Hestenes (1906 1991)



In this swvey we focus on conjugate gradient methods for solving the nonlinear
unconstrained optinuzation problem:

min f(x).

x=R*
where f:R" — R 1s a continuously differentiable function, bounded from below. Starting
from an mitial guess, a nonlinear conjugate gradient algorithm generates a sequence of points
{Iﬁ_} . according to the following recurrence formula:
Xeg =X +a,d,,

where o, 1s the step length. usually obtamed by Wolfe line search,

flgp+oagdy) - fx)= Pﬂrkgi{dk'

T - T
Ea-+1f5"r:r = 'jgirdfc*

with 0 < p<1/2 <o <1, and the directions d, are computed as:

dig =—8ia+ BiSi. dy =8
Here £, 1is a scalar known as the conjugate gradient parameter. g, =Vf(x,) and
5, =X, —X,. In the followmg y, =g, —g,. Different conjugate gradient algorithms
correspond to different choices for the parameter f,. Therefore, a crucial element in any
comugate gradient algorithm 1s the formula definition of f5,. Any conjugate gradient

algorithm has a very simple general structure as 1t 15 illustrated below.



The prototype of Conjugate Gradient Algorithm

Step 1.

Step 2.

Step 3.

Step 4.

Strep 5.

Step 0.
Step 7.

Step §.

Select the mutial starting point x, =dom f and compute: f, = f(x;) and
g,=Vf(x,). Set dy=—g, and k=0.

Test a criterion for stopping the iterations. For example, 1f || g: Hr = & then stop:

otherwise continue with step 3.
Using the Wolfe line search conditions:

g +agdy) - fx) = Pﬂ’:rg;{d:r-
g;‘ildﬁ- - Jg;‘{dk'
with 0 < p<1/2< g <1, determine the steplength o, .
Update the variables as: x_, =x, +a,d,. Compute f,, and g,.,. Compute
Vi =&rn— & and 5, =X, -
Determine [, .

Compute the search direction as: d pe] = 8 T Bisy

Restart criterion. If the restart criterion of Powell =>0.2 || g ”‘ 15 satisfied,

T
Er18k

thenset d, , =—g,,,-

d,

o set k=k+1 and continue

Compute the mitial guess o, = o Jr—]”d?r—l ” ‘
with step 2. B



1. Hestenes - Stiefel (HS) 1952
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2. Fletcher - Reeves (FR) 1964
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3. Polak — Ribiere - Polvak (PRP) 1969
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4. Polak — Ribiére - Polyak plus (PRP+) 19384
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AN

5. Conjugate Descent — Fletcher (CD) 1987
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6. Liu - Storey (LS) 1991
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7. Dai— Yuan (DY) 2001
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Vi Sk
§. Dai — Liao (DL) 2001
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9. Dai — Liao plus (DL+) 2004

T
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10. Andrei - Sufficient Descent Condition (CGSD) 2008
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11. Hybrid Dai - Yuan (hDY) 2001

RDY N aDY . [ aHS DT
. =max{cf .miny . B j}

c=—(1-a)/(1+a).

12. Hybrid Dai — Yuan zero (hDYz) 2001
O = nmx{[]. min {ﬁH"" B }}

13. Gilbert — Nocedal (GN) 1992

B = max ; — B min {ﬁﬂpﬁﬁﬂ }}

14. Hu — Storeyv (HuS) 1991
B = mn.‘f{ﬂ.mm{ﬁp‘w.ﬁm}}

15. Touati-Ahmed and Storev (TaS) 1990
s _ | A7 0= g < g,

Py = :
" I B otherwise



16. Hybrid LS — CD (LS-CD) 1991
BEP = mnx{l].mm{ﬁﬂ.ﬁm”

K

17. Birgin — Martinez (BM) 2001

T
M = (Grye —5i) &in
k T '

Vi
where &, 1s the spectral gradient:
sfsk
0, = T -
Vi k
18. Birgin — Martinez plus (BM+) 2001
' T ' T
B BVigin | Sig
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l_ Vi Sk I Vi Sk
where &, 1s the spectral gradient:
5.5
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19. Scaled Polak-Ribiere-Polyak (sPRP) 2007
ﬁ:PR_P _ BrVi Sia _
‘ %,6,8,8,

where &, 1s the spectral gradient:




20. Scaled Fletcher — Reeves (sFR) 2007
B = 611811811 |
] ghﬂhbh g.'-.

where &, 1s the spectral gradient:
T
g, _ 555k

i T )
Vi S

21. Scaled Hestenes — Stiefel (sHS) 2007
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5 V7 (Xa)s:

22, Daniel (D) 1967

ﬁJ _ Eiv:f{-".a-—ljgk—;
h 5V f (xp)s,

23. Andrei — Sufficient Descent Condition from PRP (A-prp) 2006
1 [ {111{5gk1)|

A-prp )
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24. Andrei — Sufficient Descent Condition from DY (33.{' GA) 2007
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25, Andrei — Sufficient Descent Condition from DY zero (ACGA+) 2007

[D .f-\:r-r.H]r 1 S.E'-Eru—l "'|-

I. I'

ACGA+
fi = max-

26. Convex combination of PRP and DY from conjugacy condition (CCOMB -

Andrei) 2007
B = (1-6,) 657 +6,87".

whera

(Vi 80 (05) = (Vs €2 1)[35 -)
(V2 Zea )03 54) —
If 65°“% <0, then B, = 7. 1f 7°F =1, then 8, = 57

COOME
g, =85 " =

|.|

27. Convex combination of PRP and DY from Newton direction (NDOMB -

Andrei) 2008
53

BIPME = (1-6,) 85 + 6,87,

whera

r T 2 N
5. — gNDOME _ (Vi 8in =5k 8|8 — (850 )i 5y)
E T Yk - i T . T '
Ers1 ” —(gra12e )i 53)

If 8,74 <0, then B;"™% = g™ 1f ;"% =1, then g, = 5" .




28. Convex combination of HS and DY from Newton direction (HYBRID -

Andrei) 2007

where

If 8, <0, then 87" =

HIB‘RI“

Ll—ﬂ}ﬁ +Hﬁ

T
St 8
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6, =—

BIE I 6, =1 then g7 = g7,

29, Convex combination of HS and DY from Newton direction with modified

secant condition (HYBRIDM

where

- Andrei) 2008
HYBRIDM HS oY
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& 1s a parameter. For & =0 we get HYBRID. If &, =0, then

HIERIDM _ DY
then 5, =5

HIB‘RI“U

- pE 1 6, 21,



30. Guaranteed descent with efficient line search (CG _DESCENT - Hager and
Zhang) 2005

dpy =‘§.&—1+E§Ed;—- dy=-g,,
—HZ [ A HZ
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31. Yabe — Takano (YT) 2004
T s
BT = gia(Z; —15;)

k r_
dy 2
o0, T - :

drara = — Sk o _ N . .

where z, _'1k+sfu Uy, & =6(f, - fin)+3(g+8:q) 5. 620 is a constant and
B

R T _
u, = R" satisfies s;u, = 0; for example u, = s;.

i

32. Yabe — Takano plus (YT+) 2004

-
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IT+ Era1<k | g5k
BT =max 02 L2 R

- T_
l, di x| dy Z¢
a5, ~ T . .
where z; =y, + SI:: U, & =06(f,—fia)+3(g:+gi) 5. =0 is a constant and
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T o _
L = 0 for example u, =s,.
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33. BFGS preconditioned (CONMIN — Shanno and Phua) 1978

If the iteration & 1s a multiple of n . or | i gr.r| =

- T N T T
Vo Ve | S 8., v E’ Sy Bl
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Consider: 5, =d,, ¥, =y,, Otherwise, Compute:
T i T VT Tt
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where the vectors H,g,,, and H, v, are computed as:
T T T T
; Y Sy Sp 8kl St 8kl Ve Ekn
H.?:ng — T 4 T Ve + 2 - T e
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Scale de direction: d,,, as:

dyo =[20f () = f(5)) i€ 1dsn.

gH” . then compute d,; as:



34. Scaled BFGS preconditioned (SCALCG - Andrei) 2007

Restart direction
‘T s )
_ ErslSe |,
dryy =~ 8rn + Gy T Vi
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r )
5; S5,
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Vi 5%
Standard direction.
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where v and w are computed as:
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35. Accelerated scaled BFGS preconditioned (ASCALCG - Andrei) 2008

Restart direction
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with saved values &, s and y.



36. Accelerated conjugate gradient algorithm from Newton direction with
modified secant condition (ACGMSEC - Andrei) 2008

(T T VT
V. 8: - on. | 5.8
S, = max | : £ 8k .DL—. _ 9| e
1._ vese+om | L s ) vese o
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37. Accelerated conjugate gradient algorithm from Newton direction with finite
difference HESSIAN / vector product approximation (ACGHES - Andrei) 2008

_ T T ;T
P = (Vi &1 — Sk &) Si Vi

Vi = (Vf (3 +05,) =V (x,1))/ 6.

5= 25, 1+ )
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Remark:
In step 7 the computation of & ﬁ-a implemented as:

-
st SR SN I ND
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Remark:
In step 7 the computation of & ﬁa' implemented as:

o |
§=111ax]| 9 J:(l H‘t# "\"I—}

_.11151:-:{1[]{;*;. 5, } IDGJ

38. Parametrized CG with one parameter 2001

2

Ek41 :

By == 3 ” T . A4 €[0,1].
A — A )di Vi

The FR algonthm corresponds to A, =1. The DY algorithm correspond to A, =0 .

39, Parametrized CG with two parameters 1999
2 T

A, E.&—l” +(1- 1) 8004

H_ + (1= 4y )d; v,

B =

. Ap. i, €[0.1].

This two parameter fanuly mcludes the methods: FR, DY, PRP and HS in extreme cases.

40. Parametrized CG with three parameters 2001
Hy uga——: "_ + (1 )8V

n

k

(1-4, —o, v, —odl g,
Aps ity €0, 1] mld @, ::[Dl A ]

Tlus three parameter family mcludes the six classical conjugate gradient algorithms, as well
as the previous one-parameter and two-parameter families.



1. Introduction
Constder the unconstrained optitnization problem

min F{x) (1)

ER
where §: R" — R andis assumed to be contimiously differentiable.

Conjugate Gradient (CG) methods are a class of algonthms used for sclmng (1), especially for large-scale problems, which
hawve the following form:

X = Kot &g )
_ 17 Ei fork =1
% _{—Es;"‘ﬁ;;ff;;_l for k=2 ]

where g, 1z the gradient of F(x),1e gp = V7 (x),.a 15 a step-size obtamed by a one-dimensional line search and 5 15 a
scalar. The strong Wolfe-Powell condition namely
Flm +ady) = £y + pagid @)

|€(Pf:¢ +ady ) dy| 2 - gidy (5)

where 0 <o <a<]l, are often inposed on the bne search (in this case, we call the line search as the strong Wolfe-Fowell line
search). The scalar & 1z also chosen so that the method (2)-(3) reduced to a CG-method i the case when [ 15 convex

quadratic and exact Iine search (ELS) (g(x, + c:rkcik]lrcik = 1z uged.
For a general function, howewer, different formmulae for scalar & result m distinct nonhinear G- methods. Several

famous formulae for & are the Fletcher-Reewes (FE) (Fletcher and Eeeves, 1964), Polak-Ribtere (PE) (Polak, 196%a),

Hestenes-Stiefel (HS) (Hestenes-3Stefel, 1952), Dmon (DX (Dixon, 1972), Dai-Tuan (DY) (Dai and Yuan, 19920, Liu-Storey
(L= (Lin and Storey, 19910, and Perry (Pry) (Perry, 1969, which are given by

FR "gk ”2
R ©
||g;;_1||
PR _ gi .J*’s;—zl , (7)
||gk_1||
T
ﬁfg _ grj; K- @
draVia
o el
&5 == (9)

T
dr 85



oy [ "j

L == . (10}
dg—ﬂ"t—l
T
—ExFi
Gt =L (11)
dg—lgk—l
T
-
lferw:g.t(y.t—l il (12)

di 1P i1
respectively, where |H| means the Euclidean normoand p, = 8, —F5y . Vi = 5 — K. Dote that Al-

Bayati and Al-Azsady dizcuzsed the fortmulae (100 and (11 for the first titme in (Al-Bayati and Al-Azsady,
19867,

2. Different Established Parameters Family of CG Methods
2.1 One Parameter Family of CG methods

In 1995, Dal and Yuan (Dai and Yuan, 1993 proposed a family of a globally convergent CG-
methods i which

2
4
e _ e : 5
Agiaff + - Daiipin

where A< [[.1] 15 a parameter. If 4 =1 then & reduces to ,-:S’f‘e and if A = O then A, reduces to ﬁfF,
[i.e. there are two possibilities, namely 2' = (0,00,(1,13 ] which iz called one pararneter farndly.

2.2 Two Parameters Family of CG methods

Mazareth (Mazareth, 1999 regarded that the FE, PR, HS, and DY formmulas as the four leading contenders
for the scalar &, and proposed two-parameter family of the CG-method: 1.6,

*';i.i:"g.i:”: +(1_*';i.t:'§.{.]"i:—1
Hi ||Eat-1||2 +1- #t}dg-l.l’t-l

IIS!'I-II'IS' _
=

(14



where A, q.e[01] are parameters,  in this case, there  are four possibilities namely

22 =0,00,00,13,00, 09,0113 ]

1e. when A=0,u=10 AT reduces to 8%
A=0,u=1 AT™  reduces to 7%
A=1Lu=10 AT reduces to 8%
A=l u=1 AT reduces to 8%

which 15 represent as its subfamilies of a two-parameter famuly.

1.3 Three Parameters Family of CG methods
Alzo Da and Yuan (Da and Yuan, 2001 proposed a three-parameter family of a nonbinear CG-methods

defined by

three _ (l—ﬁt)||§ﬁ:||2+ﬁt§s{h-1
(1=~ ﬁ]a‘:}”gi;—lng + .-“.i:d.{—LP.t—l - ﬁ].td.{—lg.t—l

where A, € [0], gy e[0)]and @, e[01-u,] (1e w, and up are impossible to be equal to one at the

samme time) are parameters. It 12 gasy to zee from (14) that the three-paramneter famnily of methads includes
the alteady-existing st sttmple and practical nonlinear CG-methods as its extreme case, i thiz case there ate

(15)

eight possibilities two of them are excluded hence  up and @ are impossible to be equal one at the same
titne, ie 2° =¢0,0,09,00,0,00,00,0,13,01,0,05,00,0,05,00,0,15,00, 11,0111 = 6

ie when A=0u=0a=0 AT redyces to 87F
A=0u=1la=0 AT reduces to 857
A=0u=0a=1 AT reduces to 8%
A=Lu=0a=0 AT reduces to 8FF
A=l u=la=0 AT reduces to 5
A=lLu=0a=1 AT redyces to ﬁ‘w

which reprezent az its subfarihes of a three-parameter fanuly.






